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Table 1 Ratios of the maximized fundamental frequencies
and optimal location and � ber orientation angle

of the bonded sheet: ® = 1 and ±x = ±y = 0:5

BC Ämax=Äal .X; Y /max µmax , deg Ämin=Äal

FFFC 1.261 (0, 0.5) 90 0.970
FFSS 1.091 (0.5, 0.5) 135 0.946
FFSC 1.204 (¡0.5, 0.5) 82 0.951
FFCC 1.162 (0.5, ¡0.5) 15 0.954
FSFC 1.098 (0, 0) 90 0.984
FSSS 1.187 (¡0.5, 0) 90 0.976
FSSC 1.135 (¡0.5, 0) 92 0.973
FSCS 1.137 (¡0.5, 0) 90 0.948
FSCC 1.131 (¡0.5, 0.5) 87 0.969
FCFC 1.087 (0, 0.5) 90 0.980
FCSC 1.138 (¡0.5, 0.5) 90 0.969
FCCC 1.140 (¡0.5, 0.5) 90 0.966
SSSS 1.071 (¡0.5, 0.5) 45 1.021
SSSC 1.077 (0, 0.5) 90 1.012
SSCC 1.071 (¡0.5, ¡0.5) 135 1.019
SCSC 1.093 (0, 0.5) 90 1.009
SCCC 1.077 (0, 0.5) 90 1.016
CCCC 1.062 (¡0.5, 0) 0 1.026

not virtually affected by the change of angle µ . In contrast, a plate
with the sheet at root edge2, .X; Y / D .0; 0:5/, gives the highest fre-
quency because the fundamental mode is a simple bending motion
with no nodal line, and it is effective to increase the stiffness at the
clamped edge in the bending direction (µ D 90). The difference be-
tween themaximumandminimumvaluesin Fig. 3 is more than25%.

Next the fundamental frequencies of the square plate are calcu-
lated for 18 differentcombinationsof classicalboundaryconditions,
that is, F, S, and C. There are 21 different combinations of the clas-
sical BCs for an isotropic square plate,7 but the three cases (FFFF,
SFFF, and FSFF) involving rigid-body motions are omitted. The
optimal � ber orientation angles µmax are searched to give the maxi-
mum fundamental frequencies Ämax for nine given sheet locations
in Fig. 2, and the frequency ratios Ämax=Äal (Ämax D maximumÄ1)
are tabulated in Table 1. The ratios of the minimum frequency
Ämin=Äal (Ämin D minimumÄ1) are also given at the rightmost col-
umn in Table 1.

IV. Summary
Generally,the sets of BCs are listed in theorderof increasingedge

constraints, starting from FFFC to CCCC, in Table 1. Note that the
ratio Ämax=Äal is higher (the sheet has more stiffening effect) as
more free edges are involved. At the same time, however, there
exist ratios Ämin=Äal that are less than one for BCs including at
least one free edge. This means that the locationof the bonded sheet
has a signi� cant effect for plates with more free edges. In contrast,
plates strongly constrained along edges (from SSSS to CCCC) are
not signi� cantly in� uencedby additionof bondedcompositesheets.
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Introduction

T HE purpose of this investigation was to study the geomet-
ric nonlinear response of tapered ceramic matrix composite

(CMC) panels to narrowband random loading at several excitation
levels. For each loading scenario, the total strain, or combinationof
bending and axial strain, was recorded at multiple locations along
with the axial and bending strain in the panel center. Results of the
study will be used to aid in the development of analytical response
and fatigue life prediction tools. A second part of this investigation
will be dedicated to the failure mode identi� cation of the panels
under extreme acoustic and thermal excitation.

The particularCMC material selectedhas the potential to be used
in structurally integrated thermal protection system applicationson
future hypersonic, transatomospheric,and reusable space vehicles.
CMCs representa class of materials capableof withstandingthe in-
tense thermal and acoustic environments such vehicleswould expe-
rience. This particularCMC is proposedfor structuresexperiencing
temperatures in the 871±C (1600±F) range but is representative of
room temperature responseand failure of brittle matrix composites.

Blevins et al.1 and Vaicaitis2 describe the need for new and exotic
materials.They note that even unconventionalnickel and iron-based
superalloys are limited to 982±C (1800±F) before the onset of ox-
idation and creep. A transatmospheric vehicle will experience the
greatestthermalloadingin thenose,engineinlet,andnozzlesections
with estimated temperatures exceeding 1650±C (3000±F). Further-
more, acoustic loadingdue to enginenoise alonewill exceed170 dB
(Ref. 1). This underscores the need for durable compositematerials
that can withstand these extreme environments. Nonlinear random
vibration testing has been accomplishedand described in the litera-
ture on metallic structures3¡9 and composite materials,9¡12 but fur-
ther investigationsarenecessarydue to thecomplexandoftenunpre-
dictable behavior of composite structures, particularly for unusual
geometries such as the asymmetric tapered panel considered here.

Experimental Procedure
This investigation was conducted in the dynamics and acous-

tics research facility at Wright–Patterson Air Force Base, Ohio.
The panels were manufactured from woven nitrided Nextel
312TM /BlackglasTM CMC material and were tapered with the min-
imum thickness in the panel center to reduce the in� uence of the
boundary conditions on the panel failure mode. Figure 1 shows
the dimensions of the CMC panel. The panel was a quasi-isotropic
layup of 16 plies (0/90/45/¡45/¡45/0/90/45)S around the perime-
ter panel/clamp interface, reduced to 8 plies (0/45/¡45/90)S in the
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panel center, and was manufacturedaccordingto the U.S. Air Force
composite ply-drop design guidelines.The taper was accomplished
in four steps, with each step reducing the total number of plies by
two. Initial analysis and the experimental investigation indicated
that the maximum strains occurred in the panel center, even with
the experimental clamped boundary conditions.

Critical damping was measured using a PCB Piezotronics, Inc.,
impulse force hammer and a Polytec, Inc., optical scanning laser vi-
brometer and vibrometer controller.Measurementswere taken with
both the scanning laser vibrometer and the impulse force hammer
at two separate locations.Results of the damping investigationindi-
cate a criticaldamping ratio of 2.2% for the fundamental (1,1) panel
mode, 310.5 Hz; 0.27% for the (2,1) mode, 385.4 Hz; and 0.39%
for the (3,1) mode, 549.1 Hz.

The excitation source and associated equipment utilized for the
study was an Unholtz-Dickie Company 53.3-kN (12,000-lbf) elec-
trodynamicshaker, Spectral-Dynamics,Inc., signal generator,and a
Measurements Group, Inc., transducer signal conditioner.The base
excitation response signal was monitored using a Vibra-Metrics,
Inc., Model 1000-A piezoelectric accelerometer, and the panel
response was measured using nine Measurements Group, Inc.,
WK-00-125AD-350strain gauges,bondedwith M-Bond 610 epoxy
(Measurements Group, Inc.). The strain gauge locations are also
shown in Fig. 1. Because the intent of the investigationwas to detect
and record the nonlinear strain response in the center of the panel,
strain gauges 1 and 2 were attached back-to-back to measure the
in-plane or axial, bending, and total strain. This was accomplished
through changes in the strain gauge bridge circuitry. The separation
of axial and bending strain components assumes that the back-to-
back gauges are attached symmetrically. If not, an apparent axial
strain could be recorded, resulting in an incorrect bending strain
readingas well. Maximum strain occurredin the directionof gauges
1 and 2 in the panel center. A sampling rate of 10 kHz was used
throughout the experiment, with the panel natural frequencies of
interest signi� cantly less than the Nyquist frequency (see Refs. 4
and 13).

The panel was clamped to the shaker using a steel L-angle � x-
ture and a 32-mm- (1.25-in.-) wide “picture-frame” clamp around

Fig. 1 Strain gauge locations; gauges 2 and 5 located on reverse side
of panel.

Fig. 2 Narrowband acceleration input spectrum.

the perimeter of the CMC panel to make the test � xture as rigid as
possible.This was accomplishedfor several reasons.First, clamped
boundaryconditionsallow for more straightforwardcomparisonsto
analytical work, although in reality the actual experimental bound-
ary conditions are more “relaxed” than theoretical clamped bound-
ary conditions.Second, the experimental rigid boundary conditions
did not allow for in-plane expansion, thereby exacerbatingthe axial
stretching, creating the most severe stress � eld possible.

The excitationused in the investigationwas a narrowbandrandom
� at excitation between 250 and 450 Hz, with load levels including
2.57-, 5.15-, 10.2-, and 20.5-g rms (Fig. 2). The narrowband ran-
dom loadingprimarily excited the � rst mode. Note the panel–shaker
armature coupling seen as the response at the second harmonic of
the panel’s fundamental frequency, that is, approximately 620 Hz,
and also at 850 Hz in the random loading power spectral densities
(PSDs) of Fig. 2. In all instances, the response resulting from the
coupling was several orders of magnitude less than the desired ex-
citation levels. The narrowband random loading scenariosprovided
Gaussian excitation over the prescribed bandwidth, and all load-
ing scenarios were considered stationary after evaluating the mean
square response over time.4

Experimental Results
The narrowband study was performed at 6-dB increments at the

four excitation levels, 20.5-, 10.2-, 5.14-, and 2.57-g rms, with a
� at spectrum, between 250 and 450 Hz. The largest total strain rms
value was found to be 482 microstrain (¹"). Again, the strain time
histories were assumed stationary to characterize the PSDs as rep-
resentative of the entire load history. The total, axial, and bending
strain power spectra, in terms of their respective rms strain values
for gauge 1, are shown in Figs. 3–5. Again, the panel–shaker cou-
pling effect is noted in Figs. 3–5. The narrowbandloadingprimarily
excited the panel fundamental frequency at 310 Hz, as shown in
Figs. 3 and 4, therefore dominating the total and bending strain
response.

Note the broadeningand shifting of the peaks for the total, axial,
and bending strain spectra, particularly for the 20.5-g rms excita-
tion case seen in Figs. 3–5.4;14 This effect is particularly large in the
second harmonic peak at 620-Hz. In this context, note, � nally, that
the two peaks at 310 and 385 Hz in the axial strain PSD have al-
most merged into a particularlybroad peak at the highest excitation
level, thereby indicating a change in the qualitative behavior of the
axial strains and a strong nonlinear effect. A notable difference is
the presence and strength of the 600–620-Hz peak in the different
spectra even at low excitation levels. This effect is, however, in part
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Fig. 3 Spectra of the total strain response to narrowband excitation.

Fig. 4 Spectra of the bending strain response to narrowband excita-
tion.

due to the second harmonic of the 310-Hz fundamental but also to
a local peak in the shaker excitation (Fig. 2).

In Fig. 5, note the spike in the axial strain spectra at zero fre-
quency. This is indicative of a nonzero mean, which is readily ap-
parent in Fig. 6, a 1-s representative total, bending, and axial strain
time history from the 20.5-g rms broadband excitation scenario.
Note that the bending time history of Fig. 6b is relatively symmet-
ric about zero strain, whereas in Fig. 6c, the representative axial
strain time history exhibits a nonzero mean, thus resulting in the
already mentioned peak in the axial strain power spectra at zero
frequency. Note, moreover, in Fig. 6c, the few negative strain ex-
cursions in the axial strain time history. Before testing, the panel
was found to exhibit a slight curvature resulting from the taper
and panel manufacturing process. When the panel was installed
in the test � xture, this curvature produced a compressive preload
leading to the observed negative values in the axial strain time
history.

Fig. 5 Spectra of the axial strain response to narrowband excitation.

a) Total strain

b) Bending strain

c) Axial strain

Fig. 6 Time history of 1 s for 20.5-g rms narrowband excitation.

Another point of interest is the effect of the panel taper on the
power spectra results. The taper resulted in a condition of asymme-
try through the panel thickness even though the composite layup
was symmetric. From lamina plate theory, the laminate constitutive
equations relating the resultant forces and moments to the strain
expressions are
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where [A], [B], and [D] are the elastic in-plane, extension–bending,
and � exural rigidity stiffness matrices, respectively. This panel
asymmetry resulted in a nonzero [B] matrix and the coupling of
the axial, "0, and bending, · , deformations. In a perfectly symmet-
ric panel, the bending strains would be linearly related to the plate
transverse displacements, whereas the axial strains would involve
the square of the displacements, as shown in the following von
Kármán large de� ection strain–displacement relations:
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where u, v, and w are the displacements along the x , y, and z axes,
respectively(Fig. 1), the subscriptsm and µ denote the in-plane and
large displacement components of the axial strains, respectively,
and z is the transverse displacement coordinate.15 In addition, one
would expect to see the peak axial strain to occur at twice the fre-
quency of its bending counterpart. Indeed, the primary axial strain
response does occur at approximately 620 Hz. However, the cou-
pling described induces a component of the axial strain that is pro-
portional to the transverse displacements,which is noticeable here
by the strong power spectra response at the fundamental bending
frequency, 310 Hz.

Consistentwith the precedingdiscussion,note that the axial strain
is dominated by the linear (coupling) effect at low excitation levels,
as can be seen from the dominance of the 310- and 385-Hz fre-
quencies. As the excitation level is increased, the quadratic effects
become larger, and the magnitude of the second harmonics, for ex-
ample, 620 Hz, rapidly increases. In addition, the squaring involved
in obtainingthe axial strainsfrom thedisplacementswidens thepeak
at 620 Hz in comparison with its 310-Hz counterpart. This effect,
at least partially, clari� es the signi� cant broadeningnoted earlier of
the 620 Hz with increasingexcitation level. In analyzing the relative
magnitudes of the peaks, note the importance of the 385-Hz mode
at low excitation levels in the axial strains but not in the bending
strains. Clearly, the (2,1) mode should be minimally excited by the
uniform loadingappliedhere, and its small effect is negligible in the
largerbending strainsbut is relativelysigni� cant in the smaller axial
strains. As the excitation level increases, the relative magnitude of
the second mode effects becomes even less important.

Next, consider the behavior of the overall total, bending, and ax-
ial strains vs excitation level. Figure 7 shows the respective mean
square levels on a logarithmic scale, whereas Fig. 8 shows the mean
values on a linear scale. The axial strain contributes little to the
mean square total strain response, from 4% at low excitation levels
to 14% at the highest one, as shown in Fig. 7. Notice that the mean
square of the various strains grows slightly less than linearly with
the excitation level. This result could be expected for the bending
strains, given their approximate [with [B] of Eq. (1) nonzero] lin-
ear dependencewith respect to the transversedisplacement and the
hardening nonlinear character of the panel response. A rather dif-
ferent situation is shown in Fig. 8 for the mean of the strains: At
higher levels, the axial strains become preponderant.Furthermore,
the mean of the bending strains is approximately linear while the
axial strain displays a sharp quadratic relationship with the excita-
tion level. The presenceof a nonzero mean bending strain is clearly
associated with the asymmetry in the transverse displacements re-
sulting from the taper. The linearity of the mean is a re� ection of
the approximate linearity of the bending displacements and strains
for most of the excitation range. It would be expected that the mean
axial strain would also exhibit, at low excitation levels, a linear be-
havior corresponding to the bending–axial coupling created by the
asymmetric taper, which was already responsible for the presence
of the 310- and 385-Hz peaks in Fig. 5. This component, however,
appears to be quite small because the quadratic effect dominates
through most of the excitation level range. It is clear from Fig. 8
that the asymmetry of the total strains is almost exclusively due to

Fig. 7 Mean square strain of gauge1 in the panel center, perpendicular
to and in the direction of the longest edge, narrowband excitation.

Fig. 8 Mean strain of gauge1 in the panel center, perpendicular to and
in the direction of the longest edge, narrowband excitation.

the axial component, although the asymmetry of the bending strains
is also, but more slowly, increasing.

The � nal discussionof the narrowband loading results will focus
on the correspondingstrain rain� ow, peak, and amplitude response
distributionsof Figs. 9–11. Figures 10 and 11 are scaled with their
respective standard deviations. The rain� ow cycle counting tech-
nique seeks to match a local maximum peak with a local minimum
valley in the time record, forming a strain hysterisis loop where the
strain range is de� ned as the difference between the local peak and
valley. The American Society for Testing and Materials algorithm
was used for this investigation (see Refs. 16 and 17). As expected,
the nonlinear effects manifested themselves in the probability den-
sity functions (PDFs). Consider � rst the PDF of the scaled rain� ow
strain ranges (Fig. 9) displayed in terms of the respective total rms
strain values. While regressing approximately to a common dis-
tribution, there is a noticeable shift to the right as the excitation
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Fig. 9 Total strain rain� ow PDF of strain gauge 1, narrowband
excitation.

Fig. 10 Total strain peak PDF of strain gauge 1, narrowband
excitation.

level increases. The direction of the shift may seem counterintu-
itive at � rst. Indeed, because the nonlinearity is of a hardening type,
the peak amplitudes grow slower than linear amplitudes, and, thus,
proportionally smaller ranges would be expected as the excitation
level is increased. This scenario is indeed appropriate for the trans-
verse displacements, but the linear and square terms involved in
the displacement–strain relation lead to a nonuniform stretching of
the displacements into strains. This transformationaffects the large
positivedisplacementsmore than the small ones and, thus, provokes
the shift of the positive peak values to levels higher than would be
seen from a linear model (Fig. 10).

A reverse effect, but of lesser magnitude, is obtained for the nega-
tive displacements;see the shiftof thecompressivestrains in Fig. 10.
The overall effect of this transformation is, thus, an increase of the
cycle amplitudes as seen in Fig. 9 and the prominent asymmetry
of the total strain peak PDF in Fig. 10, which increases with the

Fig. 11 Total strain PDF of strain gauge 1, narrowband excitation.

excitation level. This observation is in agreement with Lee18 and
Steinwolf and White.19 To maintain the total probability to one, the
normalized compressive strain peak must increase in magnitude as
it narrows with increasingexcitation level. On the contrary, the nor-
malized tensile strain peak both reduces and widens. This behavior
is the resultof the growingsigni� canceof theaxial strains,which di-
rectly relate to the quadratic component of the displacement–strain
relation. In this regard, note that the mean value of the axial strains
is a more direct quanti� er of the quadratic term and its peak shifting
effects than the mean square axial strains.

Finally, examining the amplitude PDF of Fig. 11, a tendency
toward asymmetry is also noticed. As discussed earlier, both the
number of smaller amplitude compressive excursionsand the num-
ber of larger amplitude tensile excursions increase with increasing
excitation level, thereby increasing the tendency of the strain PDF
to lean to the left, or a display of non-Gaussian behavior.

Conclusions
The geometric nonlinear response of a tapered, clamped CMC

panel to narrowband Gaussian random excitations has been inves-
tigated. The panels were manufacturedaccording to U.S. Air Force
ply-drop guidelines, characteristic of future aircraft structures and
materials. With renewed emphasis on space and hypersonic vehi-
cles, the panel material is of interest to the U.S. Air Force. The char-
acteristics of the excitation response PSDs, sample time-histories,
mean and mean square relationships to excitation, and the PDFs
were studied. Of particular interest were the effects of the coupling
between the bending and axial strain response, resulting from the
through-the-thickness asymmetry of the panel taper. The result of
the asymmetry was noticeable in the axial strain PSDs shown in
Fig. 5, at all excitation levels. In particular, at low excitation levels,
the axial strain PSD exhibited sharp peaks at the primarily bending
natural frequencies of the panel. In fact, at all excitation levels, the
panel response at the fundamental frequency, 310 Hz, continued to
play a dominant role. The taper asymmetry was also clearly visible
from the mean strains. Finally, the narrowband excitation loading
scenarios resulted in a geometric nonlinear response, as evidenced
by the peak shifting and broadening effects in the strain response
PSDs, and also by an axial strain effect, or the noted asymmetry
and/or peak shifting in the narrowband PDFs.
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Nomenclature
a; b = undetermined coef� cients in Eq. (6)
a1–a6 = functions de� ned in Eq. (8)
E = Young’s modulus
I = area moment of inertia
k = stiffness of the rotational spring
L = length of the column
P = end-concentratedaxial load
Pcr = critical P
q = uniformly distributed axial load
qcr = critical q
W = lateral displacementdistribution
w = nondimensional lateral displacement, W=L
® = ¸q =¸q cr

®1–®3 = undetermined coef� cients in Eq. (2)
¯ = ¸P=¸p cr

° = rotational spring stiffness parameter, kL=EI
¸p = concentrated axial load parameter, PL2=EI
¸q = uniformly distributed axial load parameter, qL3=EI
¸p cr = critical ¸ p

¸q cr = critical ¸q

» = nondimensional axial coordinate x; x=L
0 = differentiationwith respect to »

Introduction

T HE upper stage of solid motor rockets and missiles is a highly
optimized structure required to be designed to achieve higher

payload capability. The fore end of this stage is connected to the
payload througha payloadadaptor, and the aft end is connectedto a
relatively stiffer stage through interstage structure that is � exible in
rotation. In service condition, the rockets and missiles are subjected
to very high axial acceleration. Because of this and the mass of
the payload and payload adaptor, the fore end of the upper stage is
subjected to a high axial compressive concentratedload. The upper
stage is also subjected to a uniformly distributed axial compressive
load due to its own inertia. As such, the upper stage can be idealized
as a uniformcantilevercolumn simultaneouslysubjected to an axial
compressive concentrated load at the free end and a uniformly dis-
tributed axial compressive load along the length of the column, the
two loads being mutually independent and acting simultaneously.
The aft end of the column, where rotation is allowed, can be mod-
eled as a spring-hinged end because of the rotational � exibility of
the interstage structure with the lateral displacement constrained.
Thus, the analytical model turns out to be a three-parameter prob-
lem, and it is often necessary to obtain the stability behaviorof such
columns to assess their structural integrity.

Even though the versatile � nite element method1 (FEM) can be
effectivelyused to solve thisproblem, it becomes laboriousand time
consuming because of the parametric study involved with three pa-
rameters. Hence, development of an accurate closed-form solution
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